In this paper we prove three conjectures on congruences involving central binomial coefficients or Lucas sequences. Let p be an odd prime and let a be a positive integer. We show that if p ≡ 1 (mod 4) or a > 1 then
where (−) denotes the Jacobi symbol. This confirms a conjecture of the second author. We also confirm a conjecture of R. Tauraso by showing that p−1 k=1 L k k 2 ≡ 0 (mod p) provided p > 5, where the Lucas numbers L 0 , L 1 , L 2 , . . . are defined by L 0 = 2, L 1 = 1 and L n+1 = L n + L n−1 (n = 1, 2, 3, . . . ). Our third theorem states that if p = 5 then we can determine F p a −( p a 5 ) mod p 3 in the following way:
which appeared as a conjecture in a paper of Sun and Tauraso in 2010.
Introduction
In this paper we aim to prove three conjectures on congruences.
Our first theorem confirms a conjecture raised by the second author [S11, Conjecture 1.2].
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The second author is the corresponding author.
1 Theorem 1.1. Let p be an odd prime and let a be a positive integer. If p ≡ 1 (mod 4) or a > 1, then we have
where (−) denotes the Jacobi symbol.
Our second theorem confirms a nice conjecture of R. Tauraso [T] , and it presents a congruence involving Lucas numbers which is similar to the well-known Wolstenholme congruence p−1 k=1 1/k 2 ≡ 0 (mod p) with p > 3 prime (cf. [Wo] ).
Theorem 1.2. Let p > 5 be a prime. Then
where the Lucas numbers L 0 , L 1 , L 2 , . . . are defined by L 0 = 2, L 1 = 1 and L n+1 = L n + L n−1 (n = 1, 2, 3, . . . ).
The Fibonacci sequence {F n } n 0 is given by F 0 = 0, F 1 = 1 and F n+1 = F n + F n−1 (n = 1, 2, 3, . . . ). It is well-known that p | F p−( p 5 ) for any odd prime p, and the Fibonacci quotient F p−( p 5 ) /p modulo p is closely related to fundamental units of real quadratic fields (cf. H. C. Williams [W] ) and Vandiver's conjecture about class numbers of real cyclotomic fields (cf. S. Jakubec [J] ). Our following theorem determines F p a −( p a 5 ) mod p 3 for any a = 1, 2, 3, . . . , and the result appeared as Conjecture 1.1 of Sun and Tauraso [ST] . Theorem 1.3. Let p = 2, 5 be a prime and let a be a positive integer. Then we have
Note that (1.3) modulo p is [ST, (1.7) ] with d = 0, and (1.3) modulo p 2 was given in [S10, Corollary 1.1].
Those primes p > 5 satisfying the congruence F p−( p 5 ) ≡ 0 (mod p 2 ) are called Wall-Sun-Sun primes (cf. [CP, p. 32] and [SS] ). It is known that there are no Wall-Sun-Sun primes below 4.5 × 10 16 (cf. [P] ).
To understand our proofs of Theorems 1.1-1.3 one needs some basic knowledge of Lucas sequences.
Let A and B be two integers. The Lucas sequence u n = u n (A, B) (n ∈ N = {0, 1, 2, . . . }) and its companion v n = v n (A, B) (n ∈ N) are defined by u 0 = 0, u 1 = 1, u n+1 = Au n − Bu n−1 for n = 1, 2, 3, . . . , and v 0 = 2, v 1 = A, v n+1 = Av n − Bv n−1 for n = 1, 2, 3, . . . .
which are both algebraic integers. It is well known that (α − β)u n = α n − β n and v n = α n + β n for all n = 0, 1, 2, . . . .
For an odd prime p and a positive integer a, clearly
It is also known that p a | u p a −( ∆ p a ) provided that p ∤ B (see, e.g., [S10, Lemma 2.3]).
Note that F n = u n (1, −1) (n ∈ N) and L n = v n (1, −1) (n ∈ N) are familiar Fibonacci numbers and Lucas numbers respectively. The Pell sequence and its companion are given by P n = u n (2, −1) (n ∈ N) and Q n = v n (2, −1) (n ∈ N) respectively.
We will show Theorems 1.1-1.3 in Sections 2-4 respectively. In the proofs of Theorems 1.2 and 1.3, we employ the useful technique of A. Granville [Gr] and deal with congruences in the ring of algebraic integers.
Proof of Theorem 1.1
Lemma 2.1. Let p be an odd prime and let a be a positive integer. Then
Proof. Recall that P n = u n (2, −1) and Q n = v n (2, −1) for all n ∈ N. So P p a ≡ 2 p a (mod p) and Q p a ≡ 2 (mod p).
Since Q n−1 = 4P n − Q n and Q n+1 = 4P n + Q n for n = 1, 2, 3, . . . , we have
Similarly,
Clearly α = 1 + √ 2 and β = 1 − √ 2 are the two roots of the equation
This proves (2.1).
Lemma 2.2. Let p be an odd prime and let a be a positive integer. Suppose that p ≡ 1 (mod 4) or a > 1. Then
Proof. If p a ≡ 1 (mod 4), then (p a − 3)/2 is odd and hence
In the case p a ≡ 3 (mod 4), as the fractional parts of (p a − 3)/(2p) and
Applying the known identity n k=0
x k n k = (n + 1) [G, (2.4 )]) with x = 1 and n = (p a − 3)/2, we get
Combining the above we immediately get (2.2).
Proof of Theorem 1.1. Clearly,
By Sun [S10, Theorem 1.1 and Lemma 2.3],
Hence we only need to prove the following congruence:
provided that p ≡ 1 (mod 4) or a > 1. Let k and l be positive integers with k + l = p a and 0 < l < p a /2. Then
by Lucas' theorem. So we have
In view of the above,
For k = 1, . . . , (p a − 1)/2, clearly
and hence
So far we have reduced (2.3) to the following congruence:
(2.4)
In view of (2.4) and Lemma 2.2, it suffices to show that u p a −( 2 p a ) (−6, 1) ≡ − 2 p a Q p a − 2 4 (mod p 2 ).
As −3+2 √ 2 and −3−2 √ 2 are the two roots of the equation x 2 +6x+1 = 0, for any n ∈ N we have
Therefore, with the help of Lemma 2.1 we finally obtain
as desired.
The proof of Theorem 1.1 is now complete.
Proof of Theorem 1.2
Lemma 3.1. Let p > 3 be a prime. Then we have the following congruence:
(3.1)
Proof. (3.1) follows immediately if we combine (4) and (5) of Granville [Gr] . 
Proof. By (3.1) and Fermat's little theorem,
and hence (3.2) holds since Aα − B = α 2 . On the other hand,
Therefore (3.3) follows.
Proof of Theorem 1.2. Let α and β be the two roots of the equation x 2 − x − 1 = 0. Applying Proposition 3.2 with A = 1 and B = −1, we get
(3.4) can be rewritten as
(3.6) Multiplying (3.5) by 2(1−α p ) and then subtracting it from (3.6) we obtain
Now that L p ≡ 1 (mod p) and
As 2α p − 1 + (2β p − 1) = 2L p − 2 ≡ 0 (mod p), we finally obtain
So far we have completed the proof of Theorem 1.2.
Remark 3.3. Let p > 5 be a prime. In view of (3.7), we also have
(3.8)
Proof of Theorem 1.3
We need a lemma which extends a congruence due to Granville [Gr, (6) ].
Lemma 4.1. Let p be an odd prime and let a be a positive integer. Then
where the Kronecker symbol δ p,3 is 1 or 0 according as p = 3 or not.
Proof. As observed by Granville [Gr] , for any integer n > 1 we have
(As
Note also that
To complete the proof, it suffices to note that
This concludes the proof.
Proposition 4.2. Let p = 2, 5 be a prime and let a be a positive integer. Then
(4.2)
Proof. Let α and β be the two roots of the equation x 2 −x−1 = 0. Clearly α + β = 1 and αβ = −1. Set
By Lemma 4.1 we have
In view of (3.7),
(this can be checked directly when p = 3). Hence
Note that
Applying Lemma 4.1 we get
and hence β 2p a g(α 2 ) + pδ p,3 (αβ) 2p a ≡p 2β 2p a − β p a 10 L p − 1 p 2 + β p a L p a − 1 p (mod p 2 ).
As β 2p a = (1 + β) p a ≡ 1 + β p a (mod p), we have
Observe that
So, by the above, we have
Lemma 4.3. Let p = 2, 5 be a prime and let a be a positive integer. Then [S10, (2.4) ]. Also,
and hence it suffices to show that
as L p a ≡ 1 (mod p). Since L p a ≡ L p (mod p 2 ), and
by [S10, (2.5)], (4.4) is reduced to the case a = 1. Note that p 5 F p − 1 = L p − 2F p−( p 5 ) − 1 ≡ L p − 1 5 (mod p 2 ) since L p ≡ 1 + 5 2 F p−( p 5 ) (mod p 2 ) by the proof of [ST, Corollary 1.3 ]. The proof is now complete.
Proof of Theorem 1.3. Applying [ST, (2.4) ] with d = 0 and n = p a , we get p a −1 k=0 (−1) k 2k k = p a −1 k=0 (−1) k 2p a k F 2(p a −k) .
(4.5)
For each k = 1, . . . , p a − 1, clearly
and similarly (−1) k p a k ≡ − p a k 1 − p a 0<j<k 1 j (mod p 3 ), hence (−1) k 2p a k ≡ 4(−1) k p a k + 2p a k (mod p 3 ).
So, (4.5) yields that
Let α and β be the two roots of the equation x 2 − x − 1 = 0. Then
Thus, by the above and Proposition 4.2 we have p a −1 k=0 (−1) k 2k k ≡F 2p a + 4(F p a − F 2p a ) + 2p a p a −1 k=1 F 2(p a −k) k ≡4F p a − 3F 2p a + 2(F 2p a − F p a ) + p a 5 (L p − 1) 2 5 =2F p a − F 2p a + p a 5 (L p − 1) 2 5 (mod p 3 ).
Combining this with (4.3) we immediately get the desired (1.3). This completes the proof of Theorem 1.3.
